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Abstract 

We construct a consistent set of monopole equations on eight-manifolds 
with Spin(7) holonomy. These equations are elliptic and admit non- 
trivial solutions including all the 4-dimensional Seiberg-Witten solu- 
tions as a special case. 







1. Introduction 

In a remarkable paper M Seiberg and Witten have shown that diffeo- 
morphism invariants of 4-manifolds can be found essentially by counting the 
number of solutions of a set of massless, Abelian monopole equations I 2 ]'! 3 !. 
It is later noted that topological quantum field theories which are extensively 
studied in this context in 2, 3 and 4 dimensions also exist in higher dimen- 
sions I 4 ]'! 5 !'! 6 ]'! 7 !. Therefore it is of interest to consider monopole equations in 
higher dimensions and thus generalizing the 4-dimensional Seiberg- Witten 
theory. 

In fact Seiberg- Witten equations can be constructed on any even dimen- 
sional manifold (D=2n) with a spin c -structure ® . But there are problems. 
The self-duality of 2-forms plays an eminent role in 4-dimensional theory and 
we encounter projection maps p + {Fa) = p + {F^ ) = p{F^) (see the next sec- 
tion). The first projection p + (Fa) is meaningful in any dimension 2n > 4. 
However, a straightforward generalization of the Seiberg- Witten equations 
using this projection yields an over determined set of equations having no 
non-trivial solutions even locally ^. To use the other projections, one needs 
an appropriately generalized notion of self-dual 2-forms. On the other hand 
there is no unique definition of self-duality in higher than four dimensions. 
In a previous paper t 10 ' we reviewed the existing definitions of self-duality 
and gave an eigenvalue criterion for specifying self-dual 2-forms on any even 
dimensional manifold. In particular, in D = 8 dimensions, there is a linear 
notion of self-duality defined on 8-manifolds with Spin(7) holonomy I 11 !'! 12 !. 
This corresponds to a specific choice of a maximal linear subspace in the set 
of (non-linear) self-dual 2-forms as defined by our eigenvalue criterion 1 13 1. 
Eight dimensions is special because in this particular case the set of linear 
Spin(7) self-duality equations can be solved by making use of octonions 1 14 1 
. The existence of octonionic instantons which realise the last Hopf fibra- 
tion S 15 — > S 8 is closely related with the properties of the octonion algebra 

[15], [16], [17] _ 

Here we use this linear notion of self-duality to construct a consistent 
set of Abelian monopole equations on 8-manifolds with Spin(7) holonomy. 
These equations turn out to be elliptic and locally they admit non-trivial 
solutions which include all 4-dimensional Seiberg- Witten solutions as a spe- 
cial case. But before giving our 8-dimensional monopole equations, we 
first wish in the next section to give the set up and generalizations of 4- 
dimensional Seiberg- Witten equations to arbitrary even dimensional mani- 
folds with spin c -structure as proposed by Salamon ^ . This is going to help 
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us put our monopole equations into their proper context. We also wish to 
note that any 8-manifold with Spin(7) holonomy is automatically a spin 
manifold I 18 !'! 19 ! and thus carries a spin c -structure; making the application 
of the general approach possible. In fact our monopole equations can al- 
ways be expressed purely in the real realm, but in order to relate them 
to the 4-dimensional Seiberg-Witten equations, it is preferable to use the 
spin c -structure and complex spinors. 

2. Definitions and notation 

A spin c -structure on a 2n-dimensional real inner-product space V is a 
pair (W, r), where If is a 2 n -dimensional complex Hermitian space and 
r : V — > End(W) is a linear map satisfying 

F(v)* = -r(v), T{v) 2 = -\\vf 

for v G V. Globalizing this defines the notion of a spin c -structure T : 
TX — > EndiW) on a 2n-dimensional (oriented) manifold X, W being a 
2 n -dimensional complex Hermitian vector bundle on X. Such a structure 
exists if and only if W2(X) has an integral lift. T extends to an isomor- 
phism between the complex Clifford algebra bundle C C {TX) and End(W). 
There is a natural splitting W = W + © W~ into the ±i n eigenspaces of 
r(e2 n e2 n -i ■ • • ei) where e±, e^i • • • , ^2n is any positively oriented local or- 
thonormal frame of TX. 

The extension of V to C2(X) gives, via the identification of A 2 (T*X) 
with C2(X), a map 

p : k 2 (T*X) -» End{W) 

given by 

P(52 Vije* A e*) = r] ij Y{e i )V{e j ). 

i<j i<j 

The bundles are invariant under p{rj) for i] G A 2 (T*X). Denote p^{rj) = 
P( r l)\w ± - The map p (and p^) extends to 

p : A 2 (T*X) © C -> £nd(W). 

(If 77 G A 2 (T*X) ® C is real- valued then p(ry) is skew-Hermitian and if 77 is 
imaginary- valued then p(rj) is Hermitian.) A Hermitian connection V on W 
is called a spin c connection (compatible with the Levi-Civita connection) if 

V v (T(w)Q) = T{w)V v $ + T(V„u»)$ 
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where $ is a spinor (section of W), v and w are vector fields on X and V v w 
is the Levi-Civita connection on X. V preserves the subbundles W ± . There 
is a principal Spin c (2n) = {e i9 x\0 G R,x G Spin(2n)} C C c (R 2n ) bundle P 
on X such that W and TX can be recovered as the associated bundles 

W = P x Spin c [2n) C 2 \ TX = Px Ad R 2n , 

Ad being the adjoint action of Spin c (2n) on R 2ra . We get then a complex 
line bundle Lr = P x<5 C using the map 6 : Spin c (2n) — > S" 1 given by 

There is a one-to-one correspondence between spin c connections on 
and spin c (2n)=Lie(Spin c (2n)=spin(2n)0iR -valued connection 1-forms A G 
A(P) C 1 (P,spin c (2n)) on P. Now consider the trace-part A of A: A = 
^trace(A). This is an imaginary valued 1-form A G il 1 (P, iR) which is 
equivariant and satisfies 

Mp • = ^ trace (0 

for v G T p P,g G Spin c (2n),£ G spin c (2n) (where p ■ £ is the infinitesimal 
action). Denote the set of imaginary valued 1-forms on P satisfying these 
two properties by A(r). There is a one-to-one correspondence between these 
1-forms and spin c connections on W. Denote the connection corresponding 
to A by Va- A(r) is an affine space with parallel vector space f^X, iR). 
For A G A(r), the 1-form 2A G ^ 1 (P, iR) represents a connection on the 
line bundle Lp. Because of this reason A is called a virtual connection on 
the virtual line bundle L^/ 2 . Let F A G Q 2 (X, iR) denote the curvature of 
the 1-form A. Finally, let Da denote the Dirac operator corresponding to 

A G A(r), 

D A : C°°(X,W + ) -» C°°(X,W-) 

defined by 

2n 

DA($) = J2 r (ei)VA, ei ($) 
1=1 

where G C°°(X, IF + ) and ei, e 2 , ■ ■ ■ , e2n is any local orthonormal frame. 

The Seiberg-Witten equations can now be expressed as follows. Fix a 
spin c -structure T : TX — > on X and consider the pair (A, <J>) G 

A(r) x C°°(X,W + ). The Seiberg- Witten equations read 

D A (*) = , p + (F A ) = (<f><f>*) 
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where ($$*) € C°°(X, End{W + )) is defined by ($$*)(r) =< $,r > $ for 
r G C°°(X,W / +) and ($$*)o is the traceless part of ($$*). 

3. Seiberg-Witten equations on 4-manifolds 

Before going over to 8-manifolds, we first show that the Seiberg-Witten 
equations on 4-manifolds (Ref.[8], p. 232) can be rewritten in a different form. 
The Dirac equation 

D A {$) = 



can be explicitly written as 

Vi$ = JV 2 $ + JV 3 $ + KV 4 $, 

and 



is equivalent to the set 



p + (f a ) = ($$*) 

F 12 + F u = -1/2$*/$, 
F 13 -F 24 = -1/2$*J$, 

^14+^23 = -1/2&K&, 



(1) 

(2) 
(3) 



(4) 



where 3> : R 

-4 = Ei=i ^i<&» G ri 1 (R 4 ,zR), F A = E;<j A ctej € 2 (R 4 , iR), 

and 



i 
-« 



1 
-1 



K 



i 

1 



In the most explicit form, these equations can be written as 



d(/> 



i , - ( d4>\ UO-2 ('(>■_ 

-+A 1 (p 1 = l(- ^A 2 <pl) + - h ^302 + 1- -4402), 

OX\ OX2 OX3 OX4 

axi ax2 OT3 0x4 
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(for = 0) and 



F12 + F34 = -i/2{4>i<Pi ~ 0202), 
F13-F24 = 1/2(0102 - 020l), 
F14+F23 = -i/2(0102 + 020l) 



(6) 
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(for p+{F A ) = ($$*) ). 

We will reinterpret the second part of these equations in the follow- 
ing way: The 6-dimensional bundle of real-valued 2-forms on R 4 has a 3- 
dimensional subbundle of self-dual forms with orthogonal basis 

fi = dx\ A dx2 + dx3 A dx^, 
/ 2 = dx\ A dxs — dx2 A dx±, 

/ 3 = dxi A dx4 + dx2 A dx3, (7) 

in each fiber with respect to the usual metric. These forms span a 3- 
dimensional complex subbundle of the bundle of complex- valued 2-forms. 
The projection of a (global) 2-form F = ^Fijdxi A dxj £ f] 2 (R 4 , iR) onto 
this complex subbundle is given by 

F + = l/2(Fi2 + F u )fi + l/2(Fi 3 - F 24 )/ 2 + 1/2(F 14 + F 23 )/ 3 . (8) 

We have p+(h) = 2/,p+(/ 2 ) = 2J,p+(/ 3 ) = 2K, so that, 

p+(F + ) = (F12 + F34)/ + (^13 " ^24) J + (Fu + F 23 )K. (9) 

On the other hand, the orthogonal projection (3><I>*) + of 3><J>* onto the sub- 
bundle of the positive spinor bundle generated by the (Hermitian-) orthog- 
onal basis (p + (/i),/9 + (/ 2 ),p + (/ 3 )) is given by 

< 2/,$$* > 2I/\2I\ 2 + < 2J,$<T > 2J/|2J| 2 + < 2K,m* > 2K/\2K\ 2 

= l - </,$$*>/ + i < J, > J + i < K, > K. (10) 

Since 

< /, >= -$*/$, < J, >= -$* J$, < K, >= 

(11) 

this shows that the second part of the Seiberg-Witten equations can be 
expressed as follows: Given any (global, imaginary-valued) 2-form F, the 
image under the map p + of its self-dual part F + coincides with the orthogo- 
nal projection of onto the subbundle of the positive spinor bundle which 
is the image bundle of the complexified subbundle of self-dual 2-forms under 
the map p + , that is, 

p+(F + ) = ($$*)+. (12) 

Indeed, in the present case (<I><1>*) + is nothing else than (3>3>*)q. In this 
modified form the Seiberg-Witten equations allow a tempting generalisation. 
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Suppose we are given a subbundle S C A 2 (T*X). Denote the comp Unifica- 
tion of S by S*, the projection of an imaginary valued 2-form field F onto 
S* by F + and the projection of (f>4>* onto p + (S*) by (4>4>*) + ■ Then the equa- 
tion p + (F + ) = (<f)(j)*) + can be taken as a substitute of the 4-dimensional 
equation (3) in 2n-dimensions. An arbitrary choice of S wouldn't proba- 
bly give anything interesting, but stable subbundles with respect to certain 
structures on X are likely to give useful equations. 

4. Monopole equations on 8-manifolds 

We now consider 8-manifolds with Spin (7) holonomy. In this case there 
are two natural choices of S which have already found applications in the 
existing literature. In the 28-dimensional space of 2- forms J7 2 (R 8 , R), there 
are two orthogonal subspaces S\ and S2 ( 7 and 21 dimensional, respec- 
tively) which are Spin(7) C SO(8) invariant I 11 !'! 12 !. On an 8-manifold X 
with Spin(7) holonomy (so that the structure group is reducible to Spin(7)) 
they give rise to global subbundles (denoted by the same letters) Si, S2 C 
A 2 (T*X) which can play the above mentioned role. We will concentrate on 
the 7-dimensional subbundle S\ and show that the resulting equations are 
elliptic, exemplify the local existence of non-trivial solutions and show that 
they are related to solutions of the 4-dimensional Seiberg-Witten equations. 
We would like to point out that instead of the widely known CDFN 7-plane, 
we are working with another 7-plane in f2 2 (R 8 ,R), which is conjugated to 
the CDFN 7-plane and thus invariant under a conjugated Spin(7) embed- 
ding in SO (8). This has the advantage that the 2- forms in this 7-plane 
can be expressed in an elegant way in terms of 4-dimensional self-dual and 
anti-self-dual 2-forms. (For a general account we refer to our previous work, 
Ref.[10].) We will define this 7-plane below, but before that, for the sake 
of clarity, we first wish to present the global monopole equations. Let X 
be an 8-manifold with Spin(7) holonomy and S be any stable subbundle 
of K 2 (T*X) and S* its complexification. Given an imaginary valued global 
2-form F, let us denote its projection onto S* by F + and the projection of 
any global spinor <j> onto the subbundle p + {S*) C End(W + ) by <f> + . Then 
the monopole equations read 



d a (4>) = 0, 



(13) 



p + (F+) = (#*) 



(14) 
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Now, we define Si C f2 2 (R 8 ,R) to be the linear space of 2-forms 
uj = ^^ojijdxi A dxj G S1 2 (R 8 ,R), 

i<j 

which can be expressed in matrix form as 

w = wi 2 /+f / % U it ,), (15) 

\ UJ — UJ J 

where UJ12 is a real function, oj' is the matrix of a 4-dimensional self-dual 
2-form, uj" is the matrix of a 4-dimensional anti-self-dual 2-form and we let 
/ = — J ® id^. These 2-forms span a 7-dimensional linear subspace Si in 
the 28-dimensional space of 2-forms and the square of any element in this 
subspace is a scalar matrix. Si is maximal with respect to this property. 
We choose the following orhogonal basis for this maximal linear subspace of 
self-dual 2-forms: 



fl 


= dxi 


A dx§ + dx2 


A dxQ 


+ dx3 A dxj + dx4 A dxs 


h 


= dxi 


A dx2 + dxz 


A dx4 


— dx$ A c?X6 — dx7 A dxs 


h 


= dxi 


A dxQ — dx2 


A dx$ 


— dx3 A dxs + <ix4 A 0x7 


h 


= dxi 


A dxs — dx2 


A dx4 


— dx$ A 0x7 + dxQ A dxs 


h 


= dxi 


A dxj + dx2 


A dxs 


— c?X3 A dx§ — dxi A dx$ 


h 


= dxi 


A dx4 + dx2 


A dx3 


— dx$ A dxs — dxQ A 0x7 


fr 


= dxi 


A dxs — dx2 


A dx7 


+ dx3 A c?X6 — dx4 A dx§ 



In matrix notation we set /i = /, and take 

f 2 = -H®ai, f 3 = -iK®bi 



fi = —il a 2 , h = —iK ® ^2 

f 6 = -il®a 3 , f 7 = -iK®b 3 . (17) 
where (I, J, K) are as given as before and we have 





(<> 


-1 












( o 





-1 


0\ 
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1\ 




1 
























1 












1 





ai = 











-1 




,a>2 = 


1 


















-1 















1 





} 






-1 









K 


-1 








0/ 
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and 



( -1 0\ 

10 

1 

V o o -l o j 



( 



1 
\0 1 



-1 \ 

-1 



J 



,bs = 



/ 1 \ 

0-10 

10 

V -1 j 



At this point it will be instructive to show that the above basis cor- 
responds to a representation of the Clifford algebra CI7 induced by right 
multiplications in the algebra of octonions. We adopt the Cayley-Dickson 
approach and describe a quaternion by a pair of complex numbers so that 
a = (x + iy) + j(u + iv) where ij = k) are the imaginary unit quater- 
nions. In a similar way an octonion is described by a pair of quaternions 
(a, b). Then the octonionic multiplication rule is 



(a, b) ■ (c, d) = (ac — db, da + be). 



(18) 



If we now represent an octonion (a, b) by a vector in R 8 , its right multipli- 
cation by imaginary unit octonions correspond to linear transformations on 
R 8 . We thus obtain the following correspondences: 



(0, 1) - / l5 (i, 0) -> f 2 , (j, 0) -> f 3 , (k, 0) - / 4 , 

(0,i)-v/ 5 ,(0,j)->/6,(0,fc)->/ 7 . 



(19) 



The projection F + of a 2-form F= Si<j Fijdxi A cfccj G S1 2 (R 8 , iR) onto 
the complexification of the above self-dual subspace is given by 

F + = l/4(iq 5 + F 26 + F 37 + F 48 )/i 
+l/4(Fi 2 + F 34 - F 56 - F 78 )/ 2 

+ l/4(Fi 6 - F 25 - F 38 + F 47 )/ 3 

+l/4(Fi 3 - F 24 - F 57 + F 68 )/ 4 

+ l/4(Fi 7 + ^28 " ^35 " ^46)75 

+ l/4(F 14 + F 23 -F 58 -F 67 )/ 6 
+1/4(F 18 - F 27 + F 36 - F 45 )/ 7 . 
We now fix the constant spin c -structure F : R 8 — > q16x!6 gi ven 



r(e.) = 





-7(ei)* 



7(e» 




(20) 
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where ej, i = 1, 2, 8 is the standard basis for R 8 and j(ei) = Id, 7(ej) = 
for i = 2,3, ...,8. We note that this choice is specific to 8 dimensions , 
because 2n = 2 n ~ 1 only for n = 4. We have X = R 8 , W = R 8 x C 16 , W ± = 
R 8 x C 8 and Lr = Lr 1 ^ 2 = R 8 x C. Consider the connection 1-form 
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A = ^2,Aidxi <G $7 1 (R 8 ,iR) (21) 

i=i 

on the line bundle R 8 x C. Its curvature is given by 

F A = Fijdxi A dxj G 2 (R 8 , iR) (22) 

i<j 

where Fij = — The spin c connection V = on W + is given by 

V^=— + (23) 

(« = 1, 8) where $ : R 8 -> C 8 . Therefore the map 
p+ : A 2 (T*X) ® C -» £nd(W+) 
can be computed for our generators /j to give 



p + (/l) 


= l(ei)j(e 5 ) 


+ 7(e2)7(e6) 


+ 7(e 3 )7(e 7 ) + 7(e 4 h(es 




_ (/2) 


= 7(ei)7(e 2 ) 


+ 7(e 3 )7(e 4 ) 


-7(e 5 h(e 6 ) 


- 7(e?)7(es 


p- 1 


"(/a) 


= 7(ei)7(ee) 


- -y(e 2 )-y(e 5 ) 


+ 7(e 3 )7(e 8 ) 


+ 7(e 4 )7(e 7 




"(A) 


= 7(ei)7(e3) 


- 7(e 2 )7(e 4 ) 


-7(e 5 )7(e 7 ) 


+ 7(e6h(e8 




■(/5) 


= 7(ei)7(e7) 


+ 7(e2)7(e8) 


-7(e 3 )7(e 5 ) 


- 7(e 4 )7(ee 




-(h) 


= 7(ei)7(e 4 ) 


+ 7(e2h( e 3) 


-7(e 5 )7(e 8 ) 


- 7( e 6)7( e 7 


P 4 




= 7(ei)7(es) 


- l(e 2 )j(e 7 ) 


+ 7(e 3 h(e 6 ) 


-7(e 4 )7(e 5 ; 



Then for a connection A = J2i=i Mdxi G r2 1 (R 8 ,zR) and a given complex 
8-spinor = V> 2 , -, Vto) G C°°(X,VF+) = C°°(R 8 ,R 8 x C 8 ) we state 
our 8-dimensional monopole equations as follows: 

D A (V) = , p + {F A + ) = (***)+. (24) 
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Here (^ , $*) + is the orthogonal projection of onto the spinor subbun- 
dle spanned by p + (fi),i = 1,2,..., 7. More explicitly, Da{^) = can be 
expressed as 

Vi* = 7(e 2 )V 2 ^ + 7(e3)V 3 ^ + ... + 7(e 8 )V 8 * (25) 
and p + (Fa + ) = {^^*) + is equivalent to the equation 

p + {F A +) = J2< P + (fr), > P + (fi)/\p + (fi)\ 2 - (26) 

i=2 

(26) is equivalent to the set of equations 

F 15 + F 26 + F 37 + F 48 = 1/8 < p+(/i), tftf* >, 
F12 + F 34 - F 5e - F 78 = 1/8 < p+(/ 2 ), >, 
F w - F 25 - F 38 + F 47 = 1/8 < p+(h), >, 
Fi 3 - F 24 - F 57 + F 68 = 1/8 < p+(/ 4 ), >, 
Fn + F 28 - F 35 - F 46 = 1/8 < p+(/ 5 ), tftf* >, 
F u + ^23 - ^58 - F 67 = 1/8 < p+(/ 6 ), W >, 
Fig - F 27 + F 36 - F 45 = 1/8 < p+(/ 7 ), tftf* > . 
or still more explicitly to the equations 

Fl5+F 26 +F 37 +F 48 = 1/4(^1 ^3~V'3^1-V'2^4+V'4^2-V'5^7+V'7V'5-V'6V'8+V'8^6), 

Fl 2 +F u -F 56 -F 78 = 1/4(^1 ^5~V'5^1-V'2^6+V'6^2+V'3^7-V'7^3+V'4^8-V'8^4), 
Fw-F 25 -F 38 +F 47 = 1/4(^1 ^7~V'7^1+V'2^8-V'8^2-V'3^5+V'5^3+V'4V'6-V'6^4), 
Fl 3 -F 24 -F 57 +F 68 = 1/4(^1 ^2~V'2^1+V'3^4-V'4^3+V'5^6-V'6^5-V'7V'8+V'8V'7), 
^17+^28 --P35 -F46 = 1/4(V'1^4-V'4^1+V'2^3-V'3^2-V'5^8+V'8^5+V'6V'7-V'7V'6), 
^14+^23 -^58 ~ F 67 = ^/ H-^1^6+^6^1-^2^5+^5^2-^3^8+^8^3+^4^7-^7^4.) , 
Fl 8 -F 27 +F 36 -F 45 = 1/4(^1 ^8~V'8^1-V'2^7+V'7^2-V'3^6+V'6^3-V'4V'5+V'5V'4). 
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5. Conclusion 

We will now show that the system of monopole equations (25)-(26) form 
an elliptic system. These equations can be written compactly in the form 

(F,f i ) = l/8(p + (f i ),W*), i = 1 . . . 7, £>a(*) = 0. 

If in addition we impose the Coulomb gauge condition 

8 

we obtain a system of first order partial differential equations consisting of 
eight equations for the components of the spinor ^ and eight equations for 
the components of the connection 1-form A. The characteristic determinant 
of this system I 20 ! is the product of the characteristic determinants of the 
equations for \l/ and A. As the Dirac operator is elliptic^ 19 ' , the ellipticity 
of the present system depends on the characteristic determinant of the sys- 
tem consisting of (F, /;) = l/8(p + (/j), z = 1 ... 7 and the Coulomb 
gauge condition. In the computation of the characteristic determinant, the 
fifth row, for instance, is obtained from 

^15+^26 + ^37 + ^48 = d 1 A 5 -d 5 A 1 +d 2 AQ-d 6 A 2 +d 3 A 7 -d 7 A 3 + d4A 8 -d 8 A 4 

by replacing di by £j. Thus after a rearrangement of the order of the equa- 
tions, the characteristic determinant can be obtained as 



det 



It is equal to 



/ 


a 


6 ^3 ?4 


£5 


e 6 




& 


\ 




















-& 








-& 








-u 




is 




-& 








-& 


-a -£ 8 


a 


6 










-& 




-6 




£4 










£5 ^6 


-6 




a 


6 




V 


-& 


£7 & 


-6 


£3 


-6 




/ 








+ Cl 


+ e? 


+ el) 4 







and this proves ellipticity. 
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Finally we point out that the monopole equations (25)-(26) admit non- 
trivial solutions. For example, if the pair (A, <3?) with 

4 

A = ^2 A i (x 1 ,X2,x 3 ,X4)dx i 
i=i 

and 

$ = {4>l{x 1 ,X2,X 3 ,X 4 ),(j)2{x 1 ,X2,X 3 ,X4)) 

is a solution of the 4-dimensional Seiberg-Witten equations, then the pair 
(£, *) with 

4 

B = ^ Aj(xi,X2, X3, X4)dXj 
i=l 

(i.e. the first four components Bi of B coincide with Ai, thus not depending 
on x$, xq, xj, xs and the last four components of B vanish) and 

f = (O,O,</>i,</>2,O,O,i0i,-# 2 ), 

where 0i and <f>2 depend only on xi, X2, £3, £4, is a solution of these new 
8-dimensional monopole equations. It can directly be verified that ^ is 
harmonic with respect to B and the second part of the equations is also 
satisfied. 
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